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1. An Introduction to Some Time Series
Data Properties and Concepts

Central assumption of classical normal linear re-
gression model:

e observations are independently sampled.

Assumption generally violated in the time series
context:

e observations are connected in all kinds of ways:
eg. autocorrelation.



2. Stochastic processes

e If a sample is independently sampled it means
that the inclusion of one observation should have
no bearing on whether or not another observa-
tion is included.

e The information we obtain from one observa-
tion should tell us nothing about the informa-
tion that we will obtain from the next observa-
tion.



e In a time series context this is generally not the
case:

— Firstly, it we include year 1960 in the sample
we will generally include 1961, 1962 and so
on.

— Secondly, we frequently find that the value
that our variable takes on in 1960 will provide
information about the value it will take on in

1961, 1962 and so on.



e A discrete-time stochastic process is a collection
of random variables { X; ()} where:

—t € 1" denotes time, and

—w € () denotes an elementary event or out-
come

—when () is the relevant sample space.

e The stochastic process is defined relative to a
probability space, (2, F, P), where

— F' is the event space and

— P (-) is an appropriate probability measure
such that P (A) is defined for all events A €
F.



o For time t(, Xy, (@) is a random variable for
w € ().

e For a fixed value wq, X} (wwq) is a realization of
the stochastic process for ¢ € 7', such that dif-
ferent values for @ induce different realizations.



e EXAMPLE:

— Event: rolling a fair, six-sided die every morn-
ing before breakfast next week;

— generates 7 random variables: each morning’s
score generates 1 number:;

— 7 numbers together are the stochastic process
e Where:

— stochastic process has 1 number at each point
In time: trme series



2.1 The white noise process

Simplest form of stochastic process:

e A mean-zero stochastic process is white noise if
its elements are mutually uncorrelated.

e Let {u;} denote a zero-mean, finite-variance sto-
chastic process, so that we have:

— F |ut) = 0 and
—F [u%] < 00, then:



* {uy } is weak white noise if F [upug] = 0Vt #
S.

« {uy} is strong white noise if F [upug] = 0Vt #
s, and F [u%] — 2.

x Any process that is 1.1.D. [O, 02] would be
strong white noise.

e Strong white noise process is given by:

Yt = € (1)
et ~ N.I.I.D.(0,0°)



e For example:
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2.2 The Random Walk

Evolution determined by:

Yt = Yt—1 T €

where €; 1s a white noise process.
Depends on:

e values of the stochastic error terms,

e “starting value” of the series.



e For instance:
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2.3 The Random Walk With Drift

Random walk with drift is given by:
yt=H+ Y1+ € (3)

where ¢; is a white noise process and p is a fixed

parameter.
Dominated by drift term in long run.



e For instance:
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3. Typology of Stochastic Processes

3.1 Stationary Processes

A stationary process is defined by the fact that the
distribution of the random variable 1+ must be the
same as the distribution of the random variable
Y1 for any value of s.

It a series is stationary, it makes sense to talk
about the mean of the series, its variance and the
autocovariance between terms, i.e.:

e /(1) is a constant = p

o var(y;) is a constant = ¢

e and cov(yt, Y4 1) is a constant = ;. (for k =



The values of the autocovariances ;. can be thought
of as a function of .

This is referred to as the autocovariance function.

We can also define the autocorrelation function
p;. which gives the autocorrelation coefficient p;.
between y; and vy, 1.

It is easily shown that:

Vi
PE =" 4)
k=0 (



Consider:
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3.2 Autoregressive (AR) processes

The simplest autoregressive process is the AR(1)
process given by:

yt = 0+ QY1 + €& (5)
et ~ N.I.D.(0,v°)

where:
® ¢; 1S a white noise process,

—with mean zero and

— a common variance U2.

® 1; 1S not a white noise process:

—the condition that E |ypys] = 0 VE # s is im-
mediately violated.



e Stationary provided that | ¢ |< 1:

—Then p = ﬁ and 02 = 13—12

—Furthermore v = ¢02,v9 = ¢°02, ..., v} =
gbk02
—pp ="



e The AR(p) process can be defined by:

p
ye = 0+ Y dith—i+ € (6)
1=1
et ~ N.I.D.(0,v?)
e More complicated to characterise whether or

not the series is stationary.

e Do so by means of lag operator.



e Lag operator L: defined by the operation of tak-
ing a one-period lag, i.e.
Lyt = y1—1 (7)
Naturally enough L%y, = LLy; = Ly =
yi—o and so LPys = ypp.
e We can rewrite the AR(p) process with lag op-
erator notation as:

(1 — L — ¢l — .. — ¢pr) g =0+ e
(8)



e We can think of (1 — ¢1L — ¢oL* — ... — ¢, LP)
as being a polynomial in the lag operator.

e The series will be stationary, provided that every
solution L; to the equation

(1 L — poL?— . — gprp) —0  (9)
is such that | L; [> 1.

e [t the equation 9 has a solution where L; = 1,
we say that the series has a unit root and then
the series is nonstationary. Where the equation
9 has a solution where L; < 1, the series will be
explosive.

e Necessary, not sufficient.



3.3 Moving Average (MA) processes

The simplest M A(1) moving average process is
given by:

yt = 0+ €+ 0161 (10)
et ~ N.I.D.(0,v%)

where:

o =0 and 0% = (1+€%)02.

ey, =601v” and y9 = y3 = ... = 0.

What is the difference with AR?:

e With AR processes correlations persist (poten-
tially with ever decreasing size)

e In the case of the M A(1) process autocorrela-
tions die out after one period.



e The general MA(q) process is given by:

Yt = 0+ €+ 01601+ ...+ Qqet—q (11)
et ~ N.I.D.(0,v°)

In this case also:
o =0 and o2 = (1—|—9%—|—...—|—(9?1)02.
e This process will be stationary.

e Autocorrelations in this case will die out after
g periods.



3.4 Autoregressive Moving Average (ARMA)
processes

Can combine autoregressive and moving average
components to get the so-called ARM A process.
The general ARM A(p, q) process is:

p q
yr=a+ > dip_itea+y i (12)
i=1 j=1



This can be written with the lag operator nota-
tion as

(1= 61— 6oL — .= 6, L7 )y (13)
—a+ (1 0L — L% — . — epLQ) et

This series is stationary only if the autoregressive
component of it is stationary, i.e. only if the poly-
nomial on the left-hand side of the equation does
not have unit roots.



3.5 Example

e AR process.
e MA process.



4. Distinguishing Variance Matrixes

4.1 Conditional, Unconditional, Long Run
Variance Matrixes

Define:

e Conditional variance: the short-run or contem-
poraneous variance - takes variables in the func-
tion as fixed

e Unconditional matrix: allowing for the depen-
dence of the variance of a random variable on
the past

e Long-run matrix: variance of random variable
in steady state



Consider:

e Two random variables: e ~ (0,0?), Wt ~
(0,0'c%)
e This gives:

—up = (g4, wt), a2 x 1 vector,

—and the F {ut, ug} variance matrix:

+ diagonals: variances: 02, 02

+ off-diagonal: covariances: E {et,w; 1}, E{wt, i}
* non-symmetric in general (leads, lags)



Example:

® Suppose:

Lo
|
=5
Lo
+ +
& O

Wt ~ (O, 03))

cov(et,wy) = 0

e Then for u; = (g4, wy)":

2
E{up,up} = = [(gg 02]



4.2 Autoregressive Processes

Consider the case of w; as AR(1):

Wt = YWr—1 + V¢
v <1

Vi ~ (0,0’%)
cov(es,vt) = 0
Now the variance of w; conditional on wy_q:
Var (wilwi_1) = o7

Conditional variance: the short-run or contem-
poraneous variance - takes variables in the func-
tion as fixed



The unconditional variance of wy is:

Var (wy) = Var (ywi—1 + v¢)
= ’}/QVCLT (wi—1) + Var (vy)

:>Ja :7203+J%
2
2 Oy
:Jw_ 5
L =7

Unconditional variance: allows for the variance of
We—1



Note that:
vt

:1—fyL

Wt

In steady state:
Var (wy|L =1)
Hence the long-run variance of wy is:

Oy

2
Var (wt|L =1) = ((1 - ’)/L)Q‘L = 1)

&

2
(1 =)
Long-run variance: allows for dependence on all
past wy_;,1 > 1




Note, for 0 < v < 1:

2 2
ol < U”2< 0”2
L=y (1-9)

or.

e conditional < unconditional < long-run vari-

alnce

oy _ o)

=7 2
e Eiven in steady state, in the case of v — 1:
feasible space is infinitely large.

O’y%ljﬁ



Long-run variance matrix, ©, for u; = (g, wy)':

e Assuming ¢ diagonal:

oz 0
— 2
() 0 0 :
| =)
girven



e Assuming ® non-diagonal, cov(e¢, v¢) # 0:

S W
O¢ rgw
() = Ocv U%
| (1=9) (1) _
girven

2
O- O
o=



e Allowing for both e, wy as AR(1):
Et = Vebt—1 1 Cta |7€| <1
Wt = YWt—1 + Vt, |7cu| <1
oy =0
such that:

()=o) (G0) ()
Wi 0 Yo W—1 Vt
or:

ur = Aug_1 +ny

/
ur = (et,wt)

/
Nt — (Ctayt>



e Conditional variance:

@:

e Unconditional variance:
UV =F {ut,ug}
= E{(Aug_1+n¢) (Aug_1 + 1)}
= E{Aw_1Auy 1} + E{nmy}, given E{u_1m3} =0
= AFE {ut_lug_l} A+ @
U= AVA + @



e Long-run variance; from:

ug = Aug_q +mny
(I — AL)ut =y




e Hence:
Q= E{us, u|L =1}
= F {(] — AL by, (I - A/L)_l L = 1}
= |1 = AL B {ng} (1= A'L) 7ML =1
= :(1 — AL e (I—A'L) L= 1}
— (- Ao (- A




e Interequation serial correlation now follows triv-
ially from:

€t = Ve€t—1+ VewWt—1 1 Ct |7 <1
Wt = YooWt—1 T Ywebt—1 + vt [Vl <1
oy =0
such that:

(575) _ [ Ye 7&)] <5t—1 ) X (Ct)
Wt Ywe Tw Wi—1 Vi

The rest follows mutatis mutandis.



e Finally, suppose o, # 0.
e Then:

2
_UCV Oy




o EXAMPLE:
er = 0.26p1 +0.1wp—1 + (4
Wt 0.5wp_1+ 0.4des_1 + vy
Gt ~ <07 1)
vy ~ (0,1)
oy =0
such that:
et \ _ 0.2 0.1 Et—1 n
W 0.5 0.4 Wi_1

and:



e (5ives conditional variance:

o=y



e Unconditional variance:
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e Long-run variance:

Q= (I—-AL) ' o (I -AL)”

Jo08 —01] '[t0]f 08 —05]"
~ | =05 06 ] [o 1] [—0.1 0.6 ]
[ 2.001 2.055

~ | 2.005 4.813]

1




4.3 Moving Average Processes

e Suppose:
Yi = 0o Xy + &4
Xt — Xt—l + Wt
et = (¢ +011C—1 + 012011

wt = v+ 02101+ 020111
Var(et,wy) =

or.
(615) _ [1 0] (Ct) n [911 912] (Ct—l)
Wi 01|\ v 021 022 | \ Vi—1
ur = g+ 01m—1
= (I +01L)mn,

(et, wy)
n = (Cpyvt)

ut



e Unconditional variance:
VvV = F {ut,ug}
/ / /
=k {7715 + 011, e + 77t—191}

= E{nm} +01E {m—1nj_1} 01, given E{nm;_1} =0
= O + (91@(9/1



e Long-run variance:
Q= E {us, uy|L =1}
= E{(I+61L)nm; (I +6,1L) |L =1}
= E{(I+0,L)®(I+6,L)|L=1}
= ([4—91)@([4—91)/
= U+ Y + 619
= U+ A+ AN, AN =00



e EXAMPLE:
et = (4 +0.2C_1 4+ 0.3v4 1
wt = vy +0.1¢_1+0.4vy 4
Gt ~ (0,1)
vy ~ (0,1)
oy =0
such that:

()= Lo o)+ Lorod) G

Given ® = I, this provides:
1.13 0.14]

_ [ _
V=100 = [0.14 1.17

) n [1.53 0.54
Q= (I+61) (I +07) = [0.54 1.17]



5. Stationarity

Consider a simple DG P, which is AR(1):
Yt = PYt—1+ ut (14)
u ~ IID(0,07)
Now y will be:

e weakly (second order, covariance) sta-
tionary where | p |< 1

e nonstationary where | p |= 1

e explosive where | p [> 1

Strong stationarity has all the requirements of
weak stationarity, as well as the requirement that
the constant, finite mean, variance and covariance
are independent of the time frame over which the
sample data is drawn.



More precisely, if p = 1, the current value of y
will be:

n—1
e =Yrnt Yy up (15)
1=0
and recall that:

Var(ylyi—1) = o

2
o
Var(y) = >
0

> 00, girven p =1

g2

(1-p)°
Moreover, y does not converge on a mean value in
the normal sense, since if at any given time y = c,
it will take infinitely long for y to return to the c
value.

Var(y|L = 1) = > 00, given p =1



e The DGP is collecting stochastic shocks over
time, and does so with non-decaying weights.

e In effect a stochastic shock will never die out in
the series, and will reappear with a full weight
in all subsequent time periods.

e Over a finite time horizon this series of stochas-
tic shocks will be non zero, and it is this which
will give the DG P the appearance of trending.

e Moreover, it is this appearance of trend that
will in general mislead OLS techniques when
the series is regressed on another with similar
characteristics.



By contrast, if p < 1, if we start with an ini-
tial value of y+_,,, then we have a finite moving
average (M A) process of order n, with greatest
weight being placed on the most recent elements
of the disturbance terms.

For the complete series we have:

n—1

ye=p"Y-n+ ¥ plus_ (16)
1=0



The declining weight attaching to the random
disturbances has as a consequence that:

e The mean of the series is constant,
e The variance constant and finite,
e The covariance is constant,

e i.e. all are independent of time.

The DGP is collecting stochastic shocks over
time, but in contrast to the case where p = 1
it does so with decaying weights.

While stochastic shocks will never die out in the
series, they reappear with rapidly declining weights,
and soon have a negligible impact on subsequent
values of 1.



EXAMPLE: Non-stationarity: | p |[=1:

y(-1)+u

y=
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EXAMPLE: Stationarity: | p |< 1 :

0.5*y(-1)+u

y=i

Stationary Data Series
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EXAMPLE: Explosive: | p |>1:

Explosive Data Series
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e EXAMPLES: Simulations



5.1 Unit Roots

We also note that the stationarity properties of
a data series depend on whether the series has a

unit root or not.
Rewrite the DG P as:

(1= pL)yt = wy (17)

where L denotes the lag operator.
This provides the characteristic equation:

(1—pL)=0



If the root of the characteristic equation:

e is unity, the series is nonstationary;

e if the root of the equation is greater than unity;,
the series is stationary.

Since here there is only one root, L = 1/p, for
the root to exceed unity requires that | p |< 1.

It is for this reason that tests on the univariate
properties of the data (essentially testing the sta-
tionarity of the series) are termed unit root tests.

Alternatively, we might say that we test for a
root inside the unit circle, to cover the possibility
of both non-stationary and explosive DGP’s.



5.2 Time Series with Drift, and Determin-
istic Trends

We can consider the impact and nature of trending
in time series in more detail.
For instance, given:

Yt =0 + pyr—1 + uy (18)
for p = 1, the series will show a systematic dis-
placement (to the value of §) in each and every
time period (which we term drift).

The solution for w is:
t
Yt = Yt—n + 0t + Z Uj (19)
1=1



Note:

e there is a trend in the series generated by the
drift term over time,

e but the series cannot settle down to the deter-
ministic trend in the DG P, since the accumu-
lated error terms will displace the series away
from the trend.

e the direction of the drift will depend on the sign

of the 0 term, since under p = 1, Ay = 0 + uy,
such that F(Ay) = 9.



Under the alternative condition where | p |< 1,
we again have stochastic shocks which persist, but
they do so with decaying weights, such that their
influence becomes negligible.

Once again therefore, we have stationarity under
the | p |< 1 condition.

We can see this from the general expression for
the drifting random walk:

n—I1 n—I1
ye=p"Yn+06» p+Y puy  (20)
1=0 1=0

where p = 1 stochastic shocks are non-decaying,
while | p |< 1 allows the shocks to persist, but
with declining weight.



By contrast to the preceding DG P, consider:
yr = o+ ot + uy (21)

where a+¢t constitutes a deterministic trend with
drift, while u; is the stochastic non-trend compo-
nent.

It follows that Ay = ¢ + uy — up—1 such that
E (Ay) = ¢, a constant, and var (y;) = 0. The
DGP is said to be trend stationary, since although
the series will trend and be subject to drift, devi-
ations from the deterministic component of the
series will be stationary.



Note therefore:

e Both of the preceding DG P/s exhibit a trend,
but

e they differ crucially in that while the former
does not show stationary disturbances (since
the effect of the disturbances is cumulative), the
second DG P does manifest stationary distur-
bances.

e thus we may have either a stochastic (non-stationary)
or a deterministic (stationary) trend in the DG P,

e which can make testing for the presence of unit
roots complicated, (the power of the relevant
tests by means of which we attempt to iden-
tify the univariate time series characteristics of

DGP's is low).



e EXAMPLES: Simulations



5.3 Difference stationarity

Any non-stationary series can be rendered station-
ary by differencing.
Consider:
Yt = Yt—1 T Ut
u ~ IID(0,0%)
— Yt —Yt-1 = W
yt = 0+ y—1 +u
u ~ I1ID(0,0?)
— Yt — Yt—1 = 0+ uy



Note therefore:

e We characterize the stationarity properties of a
time series by referring to its order of integra-
tion.

e Where a series does not need to be differenced
in order to be rendered stationary (i.e. where
it is already stationary in levels), we say that it
is integrated of order zero, which we denote as

1(0).

e Where a series needs to be differenced once in
order to be rendered stationary (i.e. its first
difference is stationary), we say that it is inte-
grated of order one, which we denote as I(1).



e Where a series becomes stationary after n'th
order differencing (i.e. its n’th order difference
is stationary), we say that it is integrated of
order n, which we denote as I(n).

e EXAMPLES: Simulations



5.4 Wold’s decomposition theorem

e Any covariance stationary process, r¢, can be
represented as a deterministic component, Ty,
and an indeterministic component:

O
T =T+ » 0i&
i=0



e Note:

— 7t need not be constant, but it must be sta-
tionary (eg. circular function). In practice
often treated as a constant.

— Can then "remove" 7;, and assuming only
that > >4 6;&;_; is square-summable, and that
its coefficients are (very) small beyond a cer-
tain lag,

—then we can approximate the indeterministic
component by a finite-order MA-process, or

ARMA-process.



e Consider:

xtzgtoka+05L2+02Mﬁ+am)

u
U

P+1+Q§+02§+w1

_ b ot
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e And: ARMA(1,1)

ry = 0.0x41+ & + 0.5
— 24(1 —05L) = & (1+ 0.5L)
— 1z = & (1+05L0)(1—0.5L)71

— & (1+L+05L2+025L% + ...)
e Hence Wold.



