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1. What is Autocorrelation?

1. The violation of the assumption that the error
terms of different observations are not related
to each other, i.e. cov (uz-, uj) = (.



2. Reasons for Autocorrelation

1. Inertia.
2. Cobweb Phenomena.

3. Data Manipulation.

4. Spurious inference of AR:

(a) Estimation by means of OLS in the presence
of non-stationary data: the presence of a trend
in the variance of the data will generate a
trend in the mean - which appears as AR.

(b) ARCH and GARCH processes



5. Model Misspecification:
(a) Omitted variables.
(b) Dynamics: Suppose that we have:
yt = Pry + uy
ut = put—1 + &t
e ~ iid (0, 02)
then since u;_1 = y;—1 — Bxy_1, by simple
substitution it follows that:
yt = pyr—1 + Brr — pBri—1 +er (1)
Now note that estimation of:
yt = B1yt—1 + Boxt + Bave 1+ (2)
would give 1 if 3189 + B3 = 0.



Testing the restriction, and where we reject
the null that 8189+ 83 = 0, we can conclude
that we do not have AR, but that instead we
have a case of misspecified dynamics instead.
Only where the null is accepted, can we then
proceed further in order to test the additional
restriction of 31 = 0, rejection of which would
confirm the presence of autocorrelation.
Since the test for 5159 + 83 = 0 is non-linear
in the 3’s, standard t-tests do not apply. In-
stead we need to use a Wald test, or a LR or
LM test instead.



3. What are the Consequences of Auto-
correlation?”Model Selection and Valida-
tion

What are the consequences of autocorrelation?
These are the same as in the case of heteroscedas-
ticity:
e The OLS estimators of the coefficients remain
consistent.

e The OLS estimators of the coefficients remain
unbiased.

e The OLS estimators of the coefficients are, how-
ever, no longer the minimum variance estima-
tors, i.e. they are no longer efficient. The effi-
cient estimators are the GLS estimators.



e The OLS estimators of the standard errors are
biased and 1nconsistent.

e Because the estimator of o, 52 is biased, the R?
of the regression will also prove to be biased.

Concretely this means that if we are interested
only in estimating the coefficients, OLS remains
a viable method of estimation. Any t-tests or F-
tests which we might wish to conduct become un-
reliable, however.



4. Detecting Autocorrelation

A number of methods are available for detecting
autocorrelation:

1. Plotting residuals



2. The Runs/Geary test: This test examines the num-
ber of “runs” in the residuals, defined as the
number of sequences of consecutive positive or
negative errors to occur from the estimation,
and compares them to the number of runs that
would be purely stochastic.



In particular, we define:

ni = number of + symbols
no = number of — symbols
n=mny+mno
k = number of runs
2
mean : F (k)= M2 L
niy -+ no
| ~ 2 2nmno(2ning —ng — ny)
variance : 0p = 5
(n1+n2)” (n1 +ng — 1)
Reject the null of randomness if E (k) 4+ 1.960;. >

k>FE (k) + 1.960..



3. The Durbin- Watson d-test: Defined as:

=N [~ ~ 2
d — gzg (Ut o Ut_l)

f—1 ~
thg U%

where ~ means “approximately equal to,” u;
the sample estimate of the residuals, and p de-
notes the estimate of the sample first order co-
efficient of autocorrelation.



Note that:

(a) The d-test is valid only if the regression in-
cludes an intercept term.

(b) The d-test is valid only if the explanatory
variables are non-stochastic (fixed in repeated
sampling).

(c) The d-test is valid only for frst order autore-
gressive structures: €; = pey_1 + V4.

(d) The d-test is valid only if the model does not
include lagged values of the dependent vari-
able, i.e. we do not have an autoregressive
model.

(e) The d-test is valid only if there are no missing
values in the data.



4. The Durbin h-test: For models that do include
a lagged dependent variable, for instance such
that:

yt = oyp—1 + P + e (3)
et = pet—1+ vt (4)

Durbin suggests:

where p denotes the estimate of the sample first
order coefficient of autocorrelation, n sample
size, and 33 the estimated variance of the OLS
a-estimate. Note that the h-test remains a test
for first order autocorrelation.



Under n&% > 1 the test does not apply, and
then Durbin suggests the alternative test:

5. Durbin’s alternative test: From the OLS esti-
mation of 3 compute the residuals €, and then
test for the significance of p by estimating ; =
pet_1 + v, Note that the alternative test re-
mains a test for first order autocorrelation.



6. Asymptotic, large-sample test: Under the null
that p = 0, and for n — oo, it can be shown
that:

i~ N (0,1)
7. The Breusch-Godfrey (BG) test of higher-order
autocorrelation: Suppose we have disturbances,

ut, generated by the p’th-order process:
ut = prug—1 + pout—2 + ... + ppuit—p + €¢(5)
e ~ iid (o, 02)
We can test the null that p; = pg = ... = p), =
0, by:



(a) Estimating the underlying model to obtain
Ut.

(b) Estimate 5 to obtain an R?.

(c) Breusch and Godfrey have shown that:

2 2

(n—p) R™ ~ Xx;,
i.e. is distributed chi-square with p degrees of
freedom. Where (n — p) R? >the critical X]%,

we can reject the py = pg = ... = p, = 0 null
and accept that at least one p; # 0.



Note:

(d) The BG test is valid even in the presence of a
lagged dependent variable in the underlying
model.

(e) The BG test is valid even if the error term
follows a p’th order MA process, i.e. if:

Ut = ¢ + A1E¢—1 + Aogr—9 + ... + ApEt—p

(f) Where p=1, we have an AR(1) process, and
the BG test is known as the Durbin m-test.

(g) The p-order of the test cannot be known a
priori, and must be established by experimen-
tation.



8. The Berenblutt-Webb g-test of the hypothesis that
p = 1: specified as:
-2
g = 1= €
o ~2
f—1 U
where the u are the residuals from the original
model, and e the residuals from the model in

first difference format.




5. Solutions to Autocorrelation

5.1 Where ,is known (Generalized Least
Squares)

There are many different ways in which one might
specify the nature of the autocorrelation (i.e. the
order of the AR process). We restrict ourselves to
the case of a simple AR(1) autoregressive process,
i.e. in which the error terms follow the pattern

ut = pur—1 + €t (6)

and where the ¢; errors are assumed to be uncor-

related.
Our specification of the model is therefore:

yr = B1 + Boxor + Byr3 + ... + Brpxis + wi(7)
ut = pur—1 + € (8)



If this model is true for all t, it is certainly true
for period t-1, so

Yi—1 = B1+Boxor—1+0323i—1+.... +Bpx g1 +Ui—1

9)

multiplying by p:

pYt—1 = pB1+pBaror_1+pP3r3t—1+.... PP LTt —1TpU—1
(10)

and we know:

Yt = 51 +62x2t+63x3t+ —|—5k33kt—|—,0ut_1 + €4

(11)

Subtracting equation 10 from 11 we obtain:

Yt—pyi—1 = B1 (1 — p)+B9 (xor — prog—1)+... 4B (Tt — prpr_1)+et
(12)



Letting yt—pyr—1 = 2, 81 (1 — p) = @, (Tt — pTpi—1) =
Wy, We obtain

2t =+ Bowor + ... + Brwps + € (13)

In essence what this does is to subtract out the au-
tocorrelated part of the process and leaves a model
that is free of autocorrelation. It can therefore be
estimated by OLS.

Note that the intercept of the equation 13 does
not immediately provide an estimate for the orig-
inal model. Given p however, it is easy to calcu-
late §1 from a. We have §; = 1%“p. The other
coefficients are not, however, affected by the dif-
ferencing process on the data.



5.2 Where ,is unknown

1. The first-difference method: Where p = 1, equa-
tion 12 reduces to:

Yt — Yi—1 = Bo(xor — xo—1) + ... + B (Tpr — Tpr—1) + €
Ayt — 62A$2t + ...+ 6kACEkt + €

Note the absence of an intercept term! - but
where p = 1 the first difference method gives re-
liable estimates of the 5;,2 > 1. Of course, the
method applies only where the p = 1 is satis-
fied - for which we can employ the Beerenblutt-
Webb test.



2. p based on d: We have noted that:

d>~2(1—-7p)
d

Lo~ 1 ——=
P >

This gives an approximate value for p, which
allows us to undertake GLS estimation.



2. Cochrane-Orcutt iterative procedure: Consider:

yt = P1+ Poxt + uy (14)
up = pur_1 + €t (15)
ep ~ iid (0, 02) (16)

Cochrane-Orcutt suggest:

(a) Estimation of 14 to obtain .

(b) Employing u; to estimate 15, to obtain p.

(c) Employing p to estimate:
yt—pyt—1 = B1 (1 = p)+ B2 (v — pri—1)+¢

(17)

in order to obtain 5 1, 62

(d) Substltute 51, 52, into 14 to obtain revised
U

(e) Repeat from 2, until p estimates stable.



3. Cochrane-Orcutt two-step procedure: As above
- except we stop after step 3.

4. Durbin’s two-step procedure: Suppose again that
we have the model as specified in 14 through 16.
Then:

yr = B1 (1 =) + B (vt — pre—1) + pyr—1 + €t

(18)
Estimation gives a direct estimate of p, from
the coetliecient of v;_1. This then allows direct
estimation of 17.



5. Grid-search procedures: Hildreth-Lu: Employ
GLS under different values of p in the inter-
val —1 < p < 1, in stepped increases of 0.1.
Choose the p with the minimum residual sum
of squares. Repeat the grid search in the inter-
val p* — 0.1 < p* < p* 4+ 0.1, in steps of 0.01,
where p* denotes the preferred p-value.



